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Linear Time-Varying Approach to Satellite Attitude Control
Using Only Electromagnetic Actuation
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Recently, small satellite missions have gained considerable interest due to low-cost launch opportunities and
technological improvement of microelectronics. Required pointing accuracy of small, inexpensive satellites is often
relatively loose, within a couple of degrees. Application of cheap, lightweight, and power ef� cient actuators is
therefore crucial and viable. Linear attitude control strategies for a low-Earth-orbit satellite actuated by a set
of mutually perpendicular electromagnetic coils are discussed. The principle is to use the interaction between
the Earth’s magnetic � eld and the magnetic � eld generated by the coils. A key challenge is that the mechanical
torque can only be produced in a plane perpendicular to the local geomagnetic � eld vector; therefore, the satellite
is not controllable when considered at � xed time. Availability of design methods for time-varying systems is
limited; nevertheless, a solution of the periodic Riccati equation gives an excellent framework for development and
analysis of magnetic attitude control algorithms.An observation that the geomagnetic � eld changes approximately
periodically when a satellite is on a near-polar orbit is used. Three types of attitude controllers are proposed: an
in� nite horizon, a � nite horizon, and a constant gain controller. Their performance is evaluated and compared in
the simulation study of the realistic environment.

Introduction

T HE work is motivated by the Ørsted satellite mission. The
Ørsted satellite is a 60-kg auxiliary payload launched by a

Boeing-Delta II launch vehicle in February 1999 into a 654 £
871 km orbit with a 96-deg inclination. The purpose of the Ørsted
satellite is to conduct research on the magnetic � eld of the Earth.
When the satellite is � rmly stabilized and ground contact is estab-
lished, an 8-m-long gravity gradient boom is deployed. The boom
carries scienti� c instruments that must be displaced from the elec-
tromagnetic disturbances present in the main body of the satellite.
The requirements on pointing accuracy are relatively loose: pitch,
roll, and yaw must be kept within 10 deg.

A concept for attitude control has been proposed based on mag-
netorquersas the only active torquesource.The interactionbetween
the external magnetic � eld of the Earth and the magnetic � eld gen-
erated in the magnetorquersproducesa mechanical torque, which is
used to correct the attitude. Magnetic control systems are compara-
tively lightweight,require low power, and are inexpensive;however,
they can only be applied for satellites on relatively high inclined or-
bits. The Ørsted’s coils are mounted in the x , y, and z faces of the
main body.The maximum magnetic moment generatedby the mag-
netorquers is 20 Am2 , which corresponds to the mechanical torque
of 0.6 £ 10 ¡ 3 Nm above the equator and 1.2 £ 10 ¡ 3 Nm above the
poles. After boom deployment the nominal operation phase con-
troller is activated.The controltask is to stabilizethe satellitein three
axes with its boom pointing outwards from the Earth. Formally, a
coordinate system � xed in the satellite structure shall coincide with
a reference coordinate system � xed in orbit.
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The attitude control algorithms rely on both the satellite angu-
lar velocity and the attitude (quaternion) availability. This informa-
tion is provided by the attitude determination algorithm based on
a combination of accessible sensor inputs in an extended Kalman
� lter.1 There are basically three sensors available for attitude de-
termination: a triaxial � uxgate magnetometer, a star camera, and a
wide-anglecoarse sun sensor.Nominally, the attitude estimatoruses
the camera, however, in the case of contingency the magnetometer
or a combination of the magnetometer and the sun sensor data are
utilized.

There is extensive literaturecovering satellite attitude control de-
sign. However,most of the algorithmspresentedassumeapplication
of reaction wheels and/or thrusters for three-axis stabilization.The
magnetic attitude control has the signi� cant limitation that the con-
trol torque is always perpendicular to the local geomagnetic � eld
vector. Therefore, the magnetic torquing was mainly used for un-
loadingtheexcessangularmomentumof a spacecraftreactionwheel
control system in the presence of secular environmental torques.2

The available literature on magnetorquing for three-axis stabi-
lization of satellites includes the work of Cavallo et al.3 A globally
stabilizing controller was developed for a con� guration with two
magnetic coils and a reaction wheel. Three-axis stabilization of a
satellite without appendages with use of magnetic torquing only
was treated by Wisniewski.4 A slidingcontrol law was providedand
shown to stabilize a tumbling satellite. A novel approach based on
a rule-based fuzzy controller was proposed by Steyn.5 Still another
approach for three-axis magnetic stabilization of a low-Earth near-
polar orbit satellite based on Lyapunov theory was addressed by
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Wisniewski and Blanke,6 where a global stabilizing magnetic con-
troller was derived.

A number of internationallypublished papers dealing with mag-
netic attitude control can be extended to these addressing a linear
control problem. Arduini and Baiocco7 proposed a control law in
which the desired control torque was de� ned � rst, and then the ac-
tual magnetic generated control torque was derived. Another con-
cept cited in the literature was based on an idea of designing a
magnetic controller for the system with averaged parameters. This
design strategy was used both for bias momentum satellites2,8,9 and
three-axis control.10

Thispaper is an extensionof theearlierworkon the linearmethods
for magnetic attitude control. The system adopted here is chosen to
be time varyingbecause in linear time-invariantsettings the satellite
is only controllable in two axes, and the full controllability is � rst
reached by considering time dependency of the geomagnetic � eld.
An observation that the geomagnetic � eld changes approximately
periodicallywhen a satellite is on a near-Earthorbit is crucial for the
developmentof magnetic control algorithms presented in this work
because the design schemes are based on a solution of the periodic
Riccati equation.

The � rst part of this study addressesa linearizationtechnique for
satellite motion. It is shown that a satellite on a near-polar orbit
actuated by a set of perpendicular magnetorquers may be consid-
ered a periodic system. In the subsequent sections, three types of
controllers are designed: an in� nite horizon, a � nite horizon, and a
constant gain controller. The in� nite and � nite horizon controllers
are stable by construction.On the contrary, stability of the constant
gain control is further analyzed with use of Floquet theory. Perfor-
mance of the three control laws is compared in the simulation study
of the realistic environment.

Satellite Linear Model
The satellite considered in this study is modeled as a rigid body

in the Earth’s gravitational � eld in� uenced by the aerodynamic
drag torque and the control torque generated by the magnetorquers.
The attitude is parameterized by the unit quaternion providing a
singularity-freerepresentationof the kinematics. In this paper, only
a satellite linear model will be investigated.

It has already been mentioned that the control torque, Nctrl , of the
magneticactuatedsatellitealways lies perpendicularto the geomag-
netic � eld vector b. Furthermore, a magnetic moment m generated
in the direction parallel to the local geomagnetic � eld has no in� u-
ence on the satellite motion. This can be explainedby the following
equality

Nctrl = (m k + m ? ) £ b = m ? £ b (1)

where m k is the component of the magnetic moment m, parallel to
b, whereas m ? is perpendicularto the local geomagnetic � eld.

Concluding, the necessary condition for power optimality of a
controllawis that themagneticmoment liesona planeperpendicular
to the geomagnetic � eld vector.

Consider the following mapping:

m̃ 7! m : m = m̃ £ b (2)

where m̃ represents a new control signal for the satellite. Now, the
magnetic moment m is exactly perpendicular to the local geomag-
netic � eld vector and the control theory for a system with uncon-
strained input m̃ can be applied. The direction of the signal vector
m̃ (contrary to m) can be chosen arbitrarily by the controller.

The linearmodel of the satellitemotion is given in terms of the an-
gular velocity and the � rst three components of the attitude quater-
nion. Linearization of the angular velocity is commonplace and
based on the � rst-order extension of the Taylor series. Lineariza-
tion of the attitudequaternionis quite different.The unit quaternion
forms a group with quaternion multiplicationas a binary operation,
thus, multiplicative transformation is needed to describe successive
rotations. Consider two rotations, the � rst one from an orbit � xed
coordinate system (OCS) to a reference coordinate system (RCS)

(this transformation is used for the yaw reference) and the second
from RCS to a satellite � xed coordinate system (SCS):

S
O q = R

O q S
R q (3)

where S
R q, R

O q, and S
O q mean the quaternion mapping from RCS to

SCS, the quaternion from OCS to RCS, and the quaternion from
OCS to SCS, respectively. Now S

R q can be considered as a small
perturbation from the reference [0 0 0 1]T . According to the de� -
nition of an attitude quaternion11

S
R q = [e1 sin( d u / 2) e2 sin( d u / 2) e3 sin( d u / 2) cos( d u /2)]T

(4)

and for small d u

S
R q ¼ [d q1 d q2 d q3 1]T ´

³
±q

1

´
(5)

For the sakeof clarity,OCS and RCS are assumedin the following
to coincide, and the system is linearized about the OCS. The y axis
of RCS (OCS) is the positivenormal to the orbit plane, and the z axis
is zenith pointing. As the result, the linearized equation of motion
is

d

dt
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´
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where x o is the orbital rate and Ix , Iy , and Iz are componentson the
diagonal of the inertia tensor I (the principal moments of inertia).
The matrix B(t ) comes from the double cross product operation
¡ b(t ) £ [b(t ) £ ] divided by I. The upper-left 3 £ 3 submatrix of
A is due to Euler coupling, the submatrix in the upper-right corner
arises from the gravity gradient, and the lower part of the matrix A
is the linearized kinematics.

Based on the mathematicalmodel provided in this section, linear
attitude control concepts will be developed. Three controllers will
be proposed:an in� nite horizon,a � nite horizon,and a constantgain
controller.

In� nite Horizon Periodic Controller
The geomagnetic� eld is essentiallythat of a magneticdipolewith

the largestanomaliesover Brazil and Siberia.The geomagnetic� eld
in RCS has large x and z components, whereas the y component,
perpendicularto the orbital plane, is comparativelysmall. The rota-
tion of the Earth is visible via � uctuationsof the y componentof the
geomagnetic � eld with a 24-h period (Fig. 1). The following obser-
vation is used for the design of an attitude controller: the magnetic
� eld of the Earth on a near-polar orbit is approximately periodic
with a period T = 2p / x 0.
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Fig. 1 Geomagnetic � eld vector in RCS propagated by 10th-order
spherical harmonic model during 24 h in February 1999.

Fig. 2 Averaged geomagnetic � eld vector in RCS and discrepancy be-
tween the real � eld and its ideally periodic counterpart.

Because of the periodic nature of the geomagnetic � eld, the lin-
earized model of the satellite can be consideredperiodic. It is, how-
ever, necessary to � nd an ideally periodic counterpart to the real
magnetic � eld of the Earth as seen from RCS. This is done by aver-
aging the geomagnetic � eld over a time interval corresponding to a
common period for the satellite revolution about the Earth and the
Earth’s own rotation.This interval for the Ørsted satellite conforms
to N = 144 orbits. Furthermore, the geomagnetic � eld is parame-
terized by the mean anomaly M because the geomagnetic � eld and
the mean anomaly have the common period T ,

bav(M) =
1
N

NX

i = 1

b(M + i T ) (7)

An averaged B-� eld vector bav[M(t )] is depicted in Fig. 2. Now the
resultant linear periodic system is

d
dt

³
± X

±q

´
= A

³
± X

±q

´
+ B̂(M)m̃ (8)

where B̂(M) is given in Eq. (6) after substituting the symbol B(t )
for B̂(M) and the componentsof the vector b(t ) for the components
of bav(M). The differencebetween the time-varyingmatrix B(t ) and
the ideal periodiccounterpartB̂[M(t )] used for thecontrollerdesign

is consideredas an additional external disturbance torque acting on
the satellite. In the next subsection the problem of in� nite horizon
periodic control will be addressed.

Control Synthesis
The gain matrix for the in� nite horizon controller is calculated

from the periodic equilibrium of a certain Riccati equation whose
coef� cient matrices are periodic.A matrix U(t ) will be called T pe-
riodic if U(t + T ) =U(t ). In the most general settings, the periodic
Riccati equation is given by

¡ ÇP(t) = P(t )Ã(t) + ÃT (t )P(t) ¡ P(t )B(t )BT (t)P(t) + C̃T (t)C̃(t)

(9)

where the matrices Ã(t ), B(t ), and C̃(t ) are T periodic. The prop-
erties of the periodic Riccati equation in many cases correspond to
ones of the algebraicRiccati equation.It is well known that stabiliz-
ability and observabilityof a dynamic system determine solvability
of the algebraic Riccati equation. Similar results are valid for the
periodic Riccati equation.12

Theorem1: There exists a stabilizingsymmetricperiodicsolution
P(t ) to the Riccati equation (9) if and only if [Ã(t ), B(t )] is stabi-
lizable and no unit-modulus characteristic multipliers of Ã(t ) are
[Ã(t ), C̃(t )] unobservable.

Havingformulatedthe theoremonsolvabilityof a periodicRiccati
equation, the general in� nite horizon control problem can be ex-
pressed. Let a dynamic system be described by

Çx(t) = A(t )x(t ) + B(t )u(t ), z(t ) = C(t )x(t ) + D(t )u(t )
(10)

where the matrices A(t ), B(t ), C(t ), and D(t) are T periodic. The
second equation in Eq. (10) is added arti� cially, and it serves as
a speci� cation of the control objective in the time domain. It is
assumedin thisdescriptionthatthe fullstate informationis available.
The objective of the design is to � nd a controller that makes the L2

norm of the output signal z(t) minimal.
To solve this problem, suppose that the periodic system (10) ful-

� lls the following assumptions:
1) D(t ) has full column rank with [D(t) D ? (t )] being unitary.
2) The pair [A(t ), B(t )] is stabilizable.
3) Denote Ã ´ A(t) ¡ B(t)DT(t)C(t) and C̃ ´ DT

? (t)C(t), such that
no unit-modulus characteristic multipliers of Ã(t) are [Ã(t ), C̃(t )]
unobservable.

Assumption 1 is technical. It states that DT (t )D(t ) = E and D(t)
DT (t ) + D ? (t )DT

? (t ) =E, where E is the identity matrix of a suit-
able dimension. Assumption 2 is equivalent to a claim that the pair
[Ã(t ), B(t)] is stabilizable.Assumption 2 together with assumption
3 assures that the periodic Riccati equation (9) has a stabilizing
symmetric periodic solution.

Let P(t ) be a stabilizingperiodic solution of the Riccati equation
(9). If a periodic feedback gain is de� ned as

F(t) = ¡ [BT (t )P(t ) + DT (t )C(t )] (11)

then the closed-loopsystem AF (t ) ´ A(t ) + B(t )F(t) is stable, and
it minimizes the L2 norm of the signal z(t)

min
u 2 L2[0, 1 )

k z(t) k 2
2 = xT (t0)P(t0)x(t0) (12)

To prove this claim denote CF (t ) =C(t ) + D(t)F(t ). Then the
Riccati equation (9) can be rearranged into a Lyapunov equation

¡ ÇP(t ) = P(t )AF (t) + AT
F (t )P(t) + CT

F (t)CF (t ) (13)

After the change of the variable v(t ) = u(t ) ¡ F(t)x(t ), the system
(10) can be rewritten as

Çx(t) = AF (t )x(t) + B(t )u(t ), z(t ) = CF (t )x(t ) + D(t)v(t )

(14)
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Fig. 3 Time history of the (1, 1) component of P+; note that P+ has a
period equivalent to the orbit period.

Now de� ne the following quadratic function l(t ) =xT (t )P(t)x(t )
and calculate its time derivative

d

dt
l = ÇxT Px + xT P Çx + xT ÇPx

= xT AT
F Px + xT PAF x + 2xT PBv + xT ÇPx

= ¡ zT z + vT v (15)

Both sides of Eq. (15) are integrated from 0 to 1 and the de� nition
of the L2 norm is used to get the following formula:

k z(t ) k 2
2 = xT (t0)P(t0)x(t0) + k v(t )k 2

2 (16)

Clearly the optimalcontrol is given for v(t) = 0 and u(t ) =F(t )x(t).
At this point, one has to computea periodicsolutionof the Riccati

equation (9). Under controllability and observability assumptions,
all solutionsof the periodicRiccati equationwith a positive-de�nite
� nal condition converge to the unique symmetric, periodic, and
positive-de�nite solutionP+ (t ). The periodic solutionof the Riccati
equationP+ (t) is computedfrom theperiodicextensionof the steady
state solution P 1 (t )

P̂(t ) =

»
P 1 (t ) if 0 · t < T

0 otherwise (17)

P+ (t ) =
1X

k = 0

P̂(t ¡ kT ) (18)

The solution P 1 (t ) is calculated using backward integration of the
Riccati equation for an arbitrary positive-de�nite � nal condition.
The matrix function P 1 (t ) corresponding to one orbital passage is
stored in the computer’s memory and then used for the subsequent
orbits.

An example of the periodic matrix function P+ (t ) is illustrated
in Fig. 3. P+ (t0) at � xed time t0 is a 6 £ 6 positive-de�nite matrix.
Figure 3 depicts the time history of P+ (1, 1), which is typical for
the diagonal components. Off-diagonal components change their
amplitudes between positive and negative values.

Again, the mean anomaly M can be used for parameterizationof
P+ (M) because both P+ (t ) and M(t ) are T periodic. Furthermore,
the controllergain matrix is also T periodicand parameterizedby M

F+ (M) = ¡ [B(M)P+ (M) + DT (M )C(M )] (19)

Implementation
The mean anomalydependentcontrolgain matrix F+ (M) is com-

puted off-line and stored in the computer’s memory. The control
signal m̃(t ) is then calculated according to

m̃(t ) = F+ (M (t))

³
X S R(t )

q(t)

´
(20)

where X SR is the angular velocity of the satellite relative to RCS
and q(t ) is the vector part of S

R q(t ). Finally, the magnetic moment
m(t ) is

m(t) = m̃(t ) £ bav(M(t )) (21)

In the simulation study of the matrix D, Eq. (14) has been chosen
time independent

D =

p
2

2

³
D̃
D̃

´
, where D̃ = exp

2

4
0 1 ¡ 1

¡ 1 0 1

1 ¡ 1 0

3

5 (22)

which guarantees assumption 1 and keeps the velocity and attitude
control effort on the same level. The choice of the matrix C is a
typical tradeoff problem between good steady-state performance
for large values of C and robust stability for small C. Furthermore,
too large a value of C excites the nonlinear terms of the satellite
dynamics. The matrix C chosen in the simulation study is

C =

³
100E 0

0 E

´
(23)

where the number 100 is introduced to make the amplitudes of the
angular velocity and the vector part of the unit quaternion compa-
rable.

Simulation results of the in� nite horizon attitude control are pre-
sented in Figs. 4 and 5. Initial values of the attitude are the same
in both examples corresponding to 10-deg pitch, ¡ 15-deg roll, and
¡ 30-deg yaw. Figure 4 illustrates performance of the attitude con-
troller for the Ørsted satellite in a circular orbit. The disturbance
torques are not added in this example. In Fig. 5, the Ørsted satel-
lite is simulated in its elliptic orbit. The initial attitude is the same
as in Fig. 4. The satellite motion is affected by a moderate aero-
dynamic drag torque corresponding to normal solar activity. The
aerodynamic drag is equal 0.9 £ 10 ¡ 5 Nm at perigee. The attitude
error is 3 deg of pitch, whereas yaw angle varies within 6 deg.

The geomagnetic � eld exhibits only approximately periodic na-
ture; therefore, it is desirable to update the control parameters every
second day during the entire satellite’s lifetime. An alternative ap-
proach is to design a � nite horizon controller such that the control
parameters are updated for every orbit. This type of a control law is
discussed in the next section.

Fig. 4 Performance of in� nite horizon controller for Ørsted satellite
on circular orbit without disturbance torques: initial attitude is 10-deg
pitch, ¡ 15-deg roll, and ¡ 30-deg yaw.
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Fig. 5 Performance of the in� nite horizon controller for the Ørsted
satellite on its elliptic orbit.

Finite Horizon Periodic Controller
The linearizedmodelof the satellitemotion is only approximately

periodic. There is a certain difference between the ideal periodic
model of the geomagnetic � eld developed in the previous section
and the real magnetic � eld of the Earth (Fig. 2). The controller per-
formancecouldbe improvedby incorporatingthe time historyof the
real geomagnetic � eld into the controller structure. A new attitude
controller based on a transient solution of the Riccati equation is
therefore investigated.

The control algorithm is summarized as procedure 1, as follows:
1) Calculate the time-varying solution of the Riccati differential

equation in the time interval t 2 ( s ¡ T , s ]

¡ ÇP(t ) = P(t)Ã(t ) + ÃT (t)P(t ) ¡ P(t )B(t )BT (t)P(t ) + C̃T (t )C̃(t )
(24)

with the � nal condition P( s ) =P f .
2) Implement controller

m̃(t ) = ¡ [BT (t )P(t) + DT (t )C(t )]

³
X S R

q

´

for t 2 ( s ¡ T , s ].
3) Calculate magnetic moment from the equation m(t ) =

m̃(t ) £ b(t ).
4) Then s becomes s + T .
5) Go to 1.
The important issue is the choice of the � nal condition P f . If

the � nal condition is such that H(i ) = P f ¡ P( s ¡ i T ) is positive
semide� nite for i ¸ 0, then the procedure given provides a stable
control law.13

Theorem 2: Consider a quasi-periodic system in Eq. (10). Let
[A(t), B(t)] be stabilizableand [A(t ), C(t )] observable.Let ÆP(t) be
de� ned as

ÆP(t ) ´ P(i )(t )

for t 2 ( s + i T , s + (i + 1)T ] where P( i)(t ) is the solution to the
Riccati equation (24) with the � nal condition P(i )[s + (i + 1)T ] =
P f . Furthermore,if H(i) ´ P f ¡ P(i )( s + i T ) is positivesemide� nite
for every i , then the control law in procedure 1 is stable.

The attitude control system based on the � nal horizon control is
illustrated in Fig. 6. The orbit model provides the position of the
satellite in orbit in terms of longitude, latitude, and altitude. This
information is used by the onboard geomagnetic � eld model (here
the 10th-order spherical harmonic model). The Riccati equation is
computed for the subsequentorbit. The controller gain is computed
and parameterized by the mean anomaly. The controller gain is
stored in a buffer. This procedure is repeated once per orbit. The
buffer sends the control parameters to the controller on the basis
of the current position of the satellite in orbit. The controller gain

Fig. 6 Attitude control system based on � nite horizon control.

Fig. 7 Performance of the � nite horizon controller for satellite on cir-
cular orbit; attitude converges asymptotically to the reference, that is,
S
Rq ! ! [0 0 0 1]T .

is updated every sampling cycle and is implemented in the control
loop.

Implementation
The simulationresultsfor the � nitehorizoncontrolleraredepicted

in Figs. 7 and 8. The control parameters D(t ) and C(t ) are the same
as for the in� nite horizon controller, Eqs. (22) and (23).

The � nal condition P f for the � nite horizon controller is chosen
suf� ciently large such that H(i) is positive semide� nite indepen-
dent of the deviation of the geomagnetic � eld from its periodic
model. However, the larger P f is, the larger the control torque. The
controller shall comply with the power constraints imposed on the
attitude control system, therefore the maximum value of the � nal
condition shall be con� ned. The � nal condition is considered a de-
signparameterthat can be iteratedbymeans of computersimulation.
The � nal condition P f for the simulation study has been calculated
from the ideally periodic solution of the periodic Riccati equation
(17) and (18): P f =P( s ) =2P 1 ( s ). The initial value of the attitude
corresponds to one of the in� nite horizon controllers:10-deg pitch,
¡ 15-deg roll, and 30-deg yaw.

Figure 7 depicts the satellite motion in a circular orbit. The satel-
lite attitude is seen to converge asymptotically to the reference.The
performance of the in� nite horizon controller for the satellite per-
turbedby the aerodynamictorque is illustratedin Fig. 8. The steady-
state errors of the receding horizon and the in� nite horizon attitude
controller in Fig. 5 are comparable. The in� nite horizon is seen to
converge faster than the in� nite horizon controller; however, the
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Fig. 8 Performance of the � nite horizon controller for the Ørsted satel-
lite in� uenced by the aerodynamic torque.

steady-state error is very much the same for both controllers when
the satellite is in� uenced by the aerodynamic drag. Note that the
aerodynamic torque is not incorporated into the linear model of the
satellite motion.

The computational burden for the � nite horizon controller is
heavy due to the Riccati equationbeing solved onboard.The in� nite
horizon controller is preferable for the Ørsted satellite because the
additional complexity of the � nite horizon controller compensates
for effects that are small compared to the dominant errors due to
aerodynamicdrag common to both controllers.The necessary com-
puter power could be additionally limited if the constant controller
was implementedand had the sameperformanceas the time-varying
controllers. This issue is addressed in the next section.

Constant Gain Control
Computation of the in� nite and � nite horizon attitude controllers

is tedious and dif� cult to implement on a real-time platform. A sim-
ple constant gain attitude controller could be an alternative. The
design algorithm consists of replacing the time-varying parameters
of the satellite with its averaged values evaluated over a period of
one orbit. This conceptwas used both for momentum unloading2,8,9

and pure three-axisattitudecontrol.10,13 The resultant time-invariant
system used for control synthesis is only an approximation of the
periodic system as seen in the next subsection. Therefore, applica-
tion of Floquet theory14 is necessary for the stability check of the
resultant constant gain controller.

Monodromy Matrix Approximation
Consider the closed-loop system Ac = A ¡ B(t )F, with constant

feedback gain F. The transition matrix U Ac (t, t0) of Ac evalu-
ated within one period, that is, for t = t0 + T , is named the mon-
odromy matrix W Ac (t0). Its characteristic multipliers [eigenvalues
of W Ac (t0)] lyingin theopenunit disk determinethe stabilityof a lin-
ear periodic system.14 The following differentialequation describes
the time propagation of the transition matrix U Ac (t , t0)

ÇU Ac (t, t0) = Ac(t )U Ac (t , t0) (25)

with the initial condition U Ac (t0 , t0) = I. An approximate solution
of Eq. (25) can be given in terms of Picard’s method of successive
approximations (see Ref. 15):

The � rst approximation is

U (1)
Ac

(t, t0) = I +
Z t

t0

Ac(t) dt (26)

The nth approximation is

U (n)
Ac

(t , t0) = I +
Z t

t0

Ac(t ) U
(n ¡ 1)
Ac

(t, t0) dt (27)

Stability of the nth-order approximation of the monodromy ma-
trix W (n)

Ac
(t0) is implied by the stability of the following system with

constant coef� cients:

Çx = A(n)x (28)

where

A(n) =
1
T

Z t0 + T

t0

Ac(t )U
(n ¡ 1)
Ac

(t, t0) dt (29)

The eigenvalues of A(n) are given by

det
¡
k AE ¡ A(n)

¢
= 0 (30)

whereas

det
¡
k W E ¡ E ¡ T A(n)

¢
= 0 (31)

is the equation of the characteristic multipliers of the monodromy
matrix W (n)

Ac
. Thus, from Eqs. (30) and (31),

k W = T k A + 1 (32)

but the monodromy matrix W (n)
Ac

is stable if its characteristicmulti-
pliers satis� es j k W j < 1, thus,

¡ (2/ T ) < k A < 0 (33)

Hence, the time constantsof the time invariantcounterpart(28) shall
be larger than T / 2 to ful� ll the stability condition for the periodic
system, or, in other words, the bandwidth in all channels of the
system (28) shall be less than 2/ T .

Control Synthesis
The � rst-orderapproximationof themonodromymatrix,Eq. (26),

is used in this subsection for synthesis of a constant gain control
law. The time-invariant counterpart of the time-varying linearized
satellite motion is

d

dt

³
± X

±q

´
= A

³
± X

±q

´
+ Bm̃, z = C

³
±X

±q

´
+ Dm̃ (34)

where

B =
1
T

Z T

0

B̂[M(t )] dt (35)

T is the orbital period, and B̂(M) is the control matrix in Eq. (8).
A linear quadratic regulator (LQR) is used for the constant gain

controller design. The system is linear, time-invariant, and control-
lable, thus, a control law can be based on the solution of the steady-
state Riccati equation.16 The optimal control is given by

m̃ = ¡ (BT P + DT C)

³
± X

±q

´
(36)

where P satis� es the Riccati algebraic equation

PÃ + ÃT P ¡ PBBT P + C̃T C̃ = 0 (37)

Once the control vector m̃ in Eq. (36) is calculated, the magnetic
moment m is computed according to Eq. (2).

Stability of the control law in Eqs. (36) and (2) for the time-
varying linear model of the satellite in Eq. (6) is determined using
Floquet theory.This check is necessarybecausestabilityof the time-
varyingsystem and its time-invariantcounterpartare not equivalent.
As shown in the last subsection,the time-invariantsystemis only the
� rst-order approximationof the time-varyingone. Furthermore, the
sensitivitiesof those systemsare not equivalenteither.For example,
the disturbance torque acting on the satellite in the direction of yaw
in a zone near the North or South Pole remains unaffected by the
attitude controller (due to lack of controllability), whereas it can
be arbitrarily damped by an LQ controller for the time-invariant
counterpart.
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The following closed-loop system is considered for the Floquet
analysis

d

dt

³
± X

±q

´
= {A ¡ B̂T [M (t)]P ¡ DT C}

³
± X

±q

´
(38)

As seen from Eqs. (37) and (38), stability of the closed-loopsystem
is dependent on the matrices C and D. Figure 9 depicts the locus of
the characteristicmultipliers for

C = ²

³
100E 0

0 E

´
(39)

where ² changesfrom 0.1 to 10 and D is the same as in Eq. (22). The
satellite becomes unstable for ² = 5. As expected for large values of
², the system becomes unstable because the eigenvalues the system
(34) with the feedback (36) do not obey the inequality (33).

Note that the averaged geomagnetic � eld is implemented for the
Floquet analysis.Therefore,an ultimate test is the simulationfor the
nonlinear model of the satellite in the realistic space environment.

Validation
The constant gain control demonstrated stability for the entire

envelope of the expected initial attitudes and angular velocities in
the science observation mission phase. The control parameter, the
matrices C and D, are the same as for the in� nite and � nite horizon

Fig. 9 Locus of the characteristic multipliers ¸(²) for ² changing from
0:1 to 10, evaluated for the closed-loop system in Eq. (38).

Fig. 10 Performance of constant gain controller for Ørsted satellite in
circular orbit.

Fig. 11 Performance of constant gain controller for Ørsted satellite in
elliptic orbit in� uenced by aerodynamic drag.

controllers.The simulationresult for theØrsted satellite in a circular
orbit shown in Fig. 10 shows a larger amplitude of yaw oscillations
compared with the in� nite and � nite horizon controllers, for which
the initial values are the same. Figure 11 illustrates the satellite
motion on impact of the aerodynamicdrag and the torque due to the
eccentricity of the Ørsted orbit.

The performance of the constant gain controller is very much
the same as the in� nite and � nite horizon attitude controllers in
Figs. 5 and 8. They all have low bandwidths with time constants
of the order of one orbit. The attitude error of the constant gain
controller is within 4 deg, which complies with required bond of
§10 deg of pitch, roll, and yaw. This controller was chosen for
onboard implementation due to its simplicity.

Conclusions
This paper presented work on magnetic attitude control based on

the steady-stateand the transient solution of the Riccati equation. It
was shown that a satellite in a near-polar orbit actuated by a set of
perpendicularmagnetorquerscouldbe describedby a set of periodic
differential equations.Three attitude controllerswere designed: the
� nite horizon, the in� nite horizon, and the constant gain controller.
The control strategies presented were evaluated in the simulation
study.

The performanceof the designed controllerswas comparable for
a satellite in an elliptic orbit effected by aerodynamic drag. The
computer expense was smallest for the constant gain controller,
therefore it was chosen for onboard implementation in the Ørsted
satellite.This controllerwas seen to be stable for a wide envelopeof
initial valuesof the attitude, thoughit had inherentlylow bandwidth,
with time constants on the order of one orbit.

This work is believed to contribute to application of the theory
of periodic linear systems to magnetic attitude control problems. It
providessolutionsusefulfor small satelliteswith looserequirements
on pointing accuracy.
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